Section 5.5

Properties of Logarithms
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1 Work with the Properties of Logarithms
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| EXAMPLE |

Establishing Properties of Logarithms

(a) Show thatlog,1 = 0. (b) Show thatlog,a = 1.

log,1 =0 log,a =1
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THEOREM

Properties of Logarithms

In the properties given next, M and a are positive real numbers,a # 1, and r1s
any real number.

The number log, M is the exponent to which @ must be raised to obtain M.
That 1s,

a°tM = M 1)

The logarithm to the base a of a raised to a power equals that power. That 1s,

log,a" = r (2)
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( EXAMPLE | Using Properties (1) and (2)

@) log_n°=3 Property (2)
(b) 5'095\/§ _ \/§ Property (1)

(c) Ine”>™ =0.035t  Property (2)
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THEOREM

Properties of Logarithms

In the following properties, M, N, and a are positive real numbers, with a # 1,
and r is any real number.

The Log of a Product Equals the Sum of the Logs

log,(MN) = log, M + log, N 3)

The Log of a Quotient Equals the Difference of the Logs

M

logﬂ(ﬁ> = log, M — log, N 4)

The Log of a Power Equals the Product of the Power and the Log

log, M" = rlog, M 3)
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2 Write a Logarithmic Expression as a Sum
or Difference of Logarithms
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| EXAMPLE |

Writing a Logarithmic Expression as a Sum of Logarithms

Write log, (x2 I X —1), x>1, as a sum of logarithms.
Express all powers as factors.

log, x* +log, ¥x-1  |log,(MN) = log, M + log, N

1

=log, x* +log, (x—1)3

=2log, x+%|og2 (x—1) log, M" = rlog, M
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| EXAMPLE |

Writing a Logarithmic Expression as a Difference of Logarithms
4

: X . .
Write log, ~, X =0, as a difference of logarithms.
(x2 + 3)
Express all powers as factors.
2 M
log, x* —log, (x2 +3) lﬂga(§> = log, M — log, N

4log, x—2|og6(x2+3) log, M" = rlog, M
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( EXAMPLE ] Writing a Logarithmic Expression as a Sum
and Difference of Logarithms

SUX=2

Write In X( )2 , X> 2, as a sum and difference of logarithms.
X+1

Express all powers as factors.

In x°\/x—2 — In(x+1)2

I +1n(x—2)2 —In(x +1)

3In x+%|n(x—2)—2|n(x+1)

Copyright © 2013 Pearson Education, Inc. All rights reserved



3 Write a Logarithmic Expression as a Single Logarithm
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( EXAMPLE | Writing Expressions as a Single Logarithm

Write each of the following as a single logarithm.

(a) 3In2+|n(x2):|n23+ln(x2) =In(8x%)
Property (5) Property (3)

1 : 2 2
(b)—loga4 2log, 5 =log, 4% —log, 5° = |09a( j

Property (5) 25
Property (4)

(c) —2log, 3+3log, 2—-log, (x* +1)

=log, 37 +log, 2° ~log, (x* +1) =log, (2°(3?))-log, (x*+1)
Property (5) ( g

:Ioga 9(X2+1)J Property (4)
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THEOREM

Properties of Logarithms

In the following properties, M, N, and a are positive real numbers,a # 1.

If M = N, then log, M = log, N. (7)
If log, M = log, N,then M = N. (8)
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4 Evaluate Logarithms Whose Base Is Neither 10 Nor e
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| EXAMPLE |

Approximating a Logarithm Whose Base Is Neither 10 Nor e
Approximate log,12. Round answer to four decimal places.

y =log,12

3Y =12 Exponential form

IN3Y =In12  Property (7)
y =~ 2.2619

Approximate value

yIn3=1In12 Property (5)

_In12
In3

Exact value

y
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THEOREM

Change-of-Base Formula

[fa#1,bh# 1,and M are positive real numbers, then

~ logy M
long = logha
log M In M
log, M e and log, M :

log a In a
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( EXAMPLE | Using the Change-of-Base Formula

Approximate: (a) logs 89 (b) log~/2 V5
Round answers to four decimal places.

1
lng\/g B EIDgS

log 89  1.949390007  (b) log,5; V5 =

logs 89 = ~ 1
() 1ogs 89 = 7 05 ™ 06989700043 05 V2 L 10g2
~ 2.7889 log 5
or = oo 2 ~ 2.3219
In89  4.48863637 or -
logs 89 = ~
In5  1.609437912 1.
~ 2.7889 V5o n V5 2
log, 3 - -
mvVz2 L .
2
= E ~ 2.3219

~In2 :
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SUMMARY  Properties of Logarithms

In the list that follows, a, b, M, N, and r are real numbers. Also,a > 0,a # 1,b > 0,b # I, M > 0,and N > (.

DEfi]liﬁnll y = ngﬂ| XY means x = a}"
Properties of logarithms log,1 =0; log,a=1 log, M" = rlog, M
,gl':'gnM — M; loga a=r at = e.‘clna
log,(MN) = log, M + log, N If M = N, then log, M = log, N.
M
loga(ﬁ> = log, M — log, N If log, M = log, N,then M = N.
logy, M
Change-of-Base Formula log, M = =
log;, a
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